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FORM BY USING BEZIER POLYNOMIAL APPROXIMATIONS
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Abstract: The methods used to profile rack-tool reciprocal enwrapped to a whirl of cylindrical or helical
surfaces, as possibility to do the constructive design of tools to cut gears teeth, require knowing the ana-
Iytical form of profiles to be generated. Practical necessities can, sometimes, impose us to solve this
problem when only a limited number of points from generated profiles are known in discrete form. A so-
lution to such a problem can be enounced if using Bezier polynomial approximation of rack-tool profile.
This paper presents the rack-tool profiling problem enouncement together to a specific algorithm which
allows finding rack-tool profile by using Bezier polynomial approximation together with fundamental
theorems concerning profiles associated to rolling centrods enwrapping.
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1. INTRODUCTION

Many surfaces, found by using enwrapping condi-
tions or by directly measuring their generators, belonging
to ordinate whirls and associated to rolling centrods are
expressed under a “discrete” form as an ensemble of
points whose co-ordinates are numerical known.

There are also known specific algorithms to study the
enwrapped of this kind of surfaces/profiles, algorithms
elaborated based on “Minimum Distance Method” [2] or
on “Tangents Method” [4].

Same time, graphical soft products, 2D or 3D, repre-
sent the surfaces/profiles in numerical form and analysis
tools, specific to their discrete expression, are basically
used to profile the cutting tools [5].

In this paper, an application of approximation method
based on Bezier polynomial functions, to profile cutting
tools (rack-tools in this case), is suggested, to generate
types of profiles known as shape but expressed through a
small number (3-4) of points owning to them.

To validate the method, numerical results obtained af-
ter its application are compared to those furnished by
classic analytical method used to solve the same case.

2. ALGORITHM TO PROFILE THE RACK-TOOL

2.1. Reference Systems

We first consider the case when the profile to be gen-
erated, as part in a composed profile, is known as shape,
in principle, but is given only through a small number of
points owning to it; if considering a rectilinear profile,
then three points are enough (Fig. 1).

Conform to notations from Fig. 1, the following ref-
erence systems are defined:

- Xy, meaning a fix system;

- XY — a mobile system, attached to profile being
generated;

- &n — a mobile system, attached to the rack-tool.

Fig. 1. Refernce systems and generating
process kinematics.

The co-ordinates of known points (by measurement),
from given profile, accepted as rectilinear, are referred to
XY mobile system:

AlX a.Yal, B[X5.Ys], C[Xc.Yc ] (1)

2.2. Profile to Be Generated Equations
Based on (1), the profile to be generated can be ex-
pressed through a first degree Bezier function [6],

X=%-Xpa+(1-1)Xg;

Y=1-Ya+(1-2)g. @

where A is a parameter having values between 0 and 1.
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The value of Ac parameter, corresponding to C point,
can be calculated by using the co-ordinates of measured
points, from (1):

A :\/(XC_XA)2+(YC ~Ya) . 3)

\/(XB —Xa) +(Yg =Ya)

This way, the polynomial function which substitutes
profile equations can by fully defined by measuring only
the co-ordinates of three points owning to profile.

2.3. Enveloping Condition (Rolling Angles)
Starting from the condition that the normal at the pro-
file expressed through (2) equations

[X = XG5+ =Y ()] 5, =0

“4)
intersects the rolling circle of Ry, radius,
X==Ry, -cos;
C i 5)
Y =Ryp -sing.

the values of rolling angles (the enveloping condition
corresponding to this points) can be found as

[-R,, -coso— XWX, — X )+

—Ryp -sing =Y (Q)[Y, —Yg) ©
P

2.4. Rack-Tool Profile Approximation

By knowing the values of rolling angles, correspond-
ing to the three points characterizing the considered pro-
file, let them be @, g and @c, the co-ordinates of three
points from the rack-tool theoretical profile can be calcu-
lated, as it follows:

GA=XpACOsQp—Ya-sinQp+Rp;
Na=Xp-sinQp +YA-COS(pA+Rrp “Pa

(7

in the case of the point corresponding to A point and
similar for the other two points:

Cg =Xpcos@g —Yg -sin@g +Rpp ;
. ®)
ng =Xpg -singpg +Yg -cosppg +Rrp ‘9B,
respective
Ec =Xc -cosoc —Yc -sin@c +Ryp s
. ©)
Ne =X¢ -sin@c +Yg -cos Pc +Rrp “Qc -

2.5. Polynomial Approximation Functions

It is possible, now, because three points owning to
rack-tool profile were found (see Fig. 2), to approximate
it by using second degree Bezier polynomial functions,
having the following expressions:

E=17- A +2(1-1)Cq +(1-A) B ;

(10)
n=27- A, +20(1-A)C, +(1-2)B,,

Bey[Ep, Mzl
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|

Fig. 2. Rack-tool approximated profile.

where 0<A<1.

The identification of A;, C:, B, A,, C,, B, coeffi-
cients, from the equations of polynomial function which
substitutes the rack-tool profile leads to finding its final
form and, from here, to obtain the co-ordinates of points
from rack-tool profile, reciprocal enwrapped to rectilin-
ear profile to be generated, given through measured
points co-ordinates.

In Table 1 there is synthetically presented the algo-
rithm suggested to be used to find Bezier polynomial
function to substitute rack-tool profile for generating a
rectilinear profile, known under discrete form.

3. NUMERICAL APPLICATION

A numerical application, by using upper suggested
method, is solved in comparison to the analytical method
of finding rack-tool profile to generate the same profile
(see Fig. 3).

By using the same reference systems as upper defined
(see 2.1), the profile to be generated is defined through
relations (11, 12, 13):

‘X:XA—u-cosa;
. (11
Y=Y,—-Uu-sina.,.
tan o, = [~ Ye| (12)
Xa=Xs

o
A=Ryo
_ BR 1
u
C2 A:
/ ¢ \
[ _ o _
Yy Y
R, X
X
N s

Fig. 3. Rack-tool to generate a rectilinear profile —
”minimum distance method”.
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Table 1

Algorithm to profile the rack-tool for profiles known in discrete form by using Bezier polynomial approximations

)

Co-ordinates
of measured Values of 1. parameter Values of rolling angles
profile

1 > -
X 1 (Xa—Xg)-Rep-cospp—Xa)
Ya +(YA_YB)(Rrp'Sin(PA—YA)=O
X 2z \/(XC_XA)2+(YC —YA)2 (XA_XB)(_Rrp'COS(Pc—Xc)
¢ = .
Ye ’ ‘/(XB_XA)Z+(YB—YA)2 +(YA_YB)(R'p'sm(pC _YC):O
Xg 0 (XA_XB)(_Rrp'COS(pB—XB)
YB +(YA_YB)(Rrp'Sin(pB _YB):()

The points from tool profile

Values of
A parameter

Bezier approximation polynomial function
coefficients

4

6

E_,A:XA-COS(pA—YA-Sin(pA+Rrp;

nA:XA-sin(pA+YA~COS(pA+Rrp “Qp-

En= Bg
Na= Bn

¢ =X¢ -cos@c —Yc -sin@c +Rpp;
Nc =Xc -sin@c +Y¢ -cosc +Ryp - oc -

_&c ~he® g —(1-Ac )’ -En

Ce 2hc(1-2¢) ’

c -MNc —ic? g —(1-2c ) -na
" 2hc(i-2c) '

€g=Xp -cospg —Yp -singg +Rppy;

ng=Xg -sinpg +Yg -cos(pB+Rrp Qg-

&= A
T]B:An

Maximum value of U parameter from (11) is

umax:\/(xB_xA)2+(YB ~Ya) . (13)

During its motion referred to &n system, the profile X
describes the family of profiles:

£=(Xa—U-cosa)cosp—
~(Yp—u-sina)sing+Ryy;

() (14)

n=(Xa—-Uu-cosa)sing+
+(Yp—u-sina)cose+ Ry - ¢,

to whom the enveloping condition (according to "mini-
mum distance method" [8]) is attached:

g8y +(-Rrp-0)my =0, (15)

where

£, =-C0S0-COS(+sina-sin=—cos(c+¢); a16)
nu, =—C0So-Sin (p—sinot~COS(p=—Sin(ot+go).

The ensemble of equations (14) and (15) are giving
the profile of the rack-tool to generate by enwrapping the
whirl of rectilinear profiles AB .

In Table 2, there are presented numerical results to
compare the rack-tool profiles found by each one of the

two methods (theoretical profile and profile approxi-
mated by Bezier polynomial function), together to the
magnitude of the error, defined as minimum distance
between the two profiles.

Table 2
Rack-tool profile — numerical results
Theoretical Pro- Approximated
Crt file Profile Error
No. | E[mm] | n[mm] | & [mm] | n [mm] [mm]
1 4.3290 | 8.7254 4.3398 | 8.7380 | 0.0166
2 4.2688 8.6552 42782 | 8.6664 | 0.0146
3 4.2086 8.5853 42166 | 8.5953 0.0128
4 4.1482 8.5157 4.1550 | 8.5245 0.0111
5 4.0877 8.4464 4.0934 | 8.4541 0.0096
6 4.0271 8.3774 4.0317 | 8.3841 0.0081
7 3.9664 8.3087 3.9700 | 8.3145 0.0068
8 3.9056 8.2404 3.9083 | 8.2453 0.0056
9 3.8446 8.1724 3.8465 | 8.1764 | 0.0044
10 | 3.7836 8.1047 3.7848 | 8.1080 | 0.0035
51 1.1593 | 5.5827 1.1663 | 5.5872 | 0.0083
52 1.0965 5.5311 1.1034 | 5.5356 | 0.0082
53 1.0337 5.4800 1.0405 | 5.4844 | 0.0081
54 | 09710 5.4293 0.9775 | 5.4335 0.0077
55 | 0.9083 5.3791 0.9145 | 5.3831 0.0074
56 | 0.8457 5.3293 0.8515 | 5.3331 0.0069
57 | 0.7832 5.2799 0.7884 | 5.2834 | 0.0063
58 | 0.7208 5.2311 0.7254 | 5.2342 | 0.0055
59 | 0.6584 5.1826 0.6623 | 5.1853 0.0047
60 | 0.5961 5.1347 0.5991 | 5.1368 | 0.0037
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Rakgk-tool

Ry =31 mm profiles

Fig. 4. Rack-tool profile — numerical application.

The results from Table 2 were obtained by consider-
ing the following three points on measured profile (ac-
cepted from the beginning as being rectilinear):

- A(=26; 7); B(-30; 5) and C(-28; 6);
- the rolling radius of worked piece, Ry, was cho-
sen of 31 mm.

The approximation polynomial function has, in this

case, the expression:

£=0.599-22 +4.986- M(1-1)+4.339-(1-1) ;
n=5.137-2% +13.17-A(1-1)+8.738 - (1= 1),

or, after calculus

£=—0.048-22 —3.692 -1 +4.339;
n=0.705-22 —4.306- A +8.738..

By using an original soft [7], dedicated to measure
the distance between two profiles given through points,
the profile of rack-tool approximated (as upper sug-
gested) by using a Bezier second degree polynomial
function was compared to the theoretical profile of the
tool which could generate the same profile. The maxi-
mum distance found (meaning, in this case, the maxi-
mum error induced by the approximation that we made)
is about 17 pm.

In Fig. 4, the profile to be generated, AB, is repre-
sented together to rack-tool profiles (the theoretical one
and the approximated one); because the distance between
last two profiles is insignificant referred to drawing scale,
they are overlapped.

Notes:

- In considered numerical application, for simplicity
point C was considered to be measured at the middle of
AB segment; in fact, it can be anywhere between A and
B; the only thing that really maters is that points A and B
must be measured as closest as possible to segment to be
generated extremities.

- The method is relative difficult to apply in the cases
of profiles parallel to OY axis.

4. CONCLUSIONS

The method of approximating by using Bezier poly-
nomial functions is easy to apply and rigorous enough to
be used in profiling rack-tools, if profiles to be generated
by using them aren’t teeth flanks of gears transmitting
important torques, at high rotation speeds.

The method is very expedient, the only things needed
to be known being the co-ordinates of three points,
measured directly along the profile to be generated; ob-
viously, the measurement precision directly affects the
accuracy of results.

Once the expressions of substitution polynomial func-
tion (10) are found, there is the possibility of extrapolat-
ing it over the limits given through points A and B (Fig.
2).

Increasing the magnitude of polynomial substitution
function leads to amelioration of tool profile precision,
under condition of accepting more and more complicated
calculus to be done.
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